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1 Introduction 

The notion of an snt-module and our extension (1.14) of the Siegel-Weil 
Theorem (also see Theorem 8.1, §8) grew out of our work on the Siegel- 
Weil Theorem for arithmetic quotients of loop groups, which we prove in 
Part II of this paper (|3j). In fact (1.14) is a vital step in our proof of the 
Siegel-Weil theorem in the loop case, and as far as we know, it also seems to 
be a new result for automorphic forms on certain, finite-dimensional, non- 
reductive groups. At the same time, the theory of automorphic forms on 
arithmetic quotients of loop groups, specifically a loop version of Godement's 
criterion (Theorem 5.3, Part II [3]) is used to prove the convergence theorem 
(Theorem 3.3) we need for the Eisenstein series Et defined in (3.10). At the 
moment, even though the statement of Theorem 3.3 only involves finite- 
dimensional groups, the proof using loop groups is the only one we have! 

To state our main result of this part, we first recall the Siegel-Weil the- 
orem proved in [7j. 

Let F be a number field, A be the ring of adeles of F, and M be a 
symplectic space over F with symplectic pairing (,). Let (V, ( , )) be a 
finite dimensional vector space over F with the non-degenerate, symmetric, 
bilinear form ( , ) . The space M ®p V has the symplectic form given by 

(til ® vi,U2 <8> v 2 ) = (ni,M 2 )(ui,f 2 ). 

The group SpM and the orthogonal group G of V form a dual pair in the 
symplectic group Sp2N of M <g>F V (where 2N = dim M dim V). Let 

M = M_ © M + (1.1) 
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be a direct sum of Lagrangian subspaces of M, then 

M®V = M_®V@M + ®V 

is a direct sum of Lagrangian subspaces of M ® V. The Hilbert space 
L 2 ((M_ ® V)a) is an irreducible unitary representation of the metaplectic 
group Sp 2N (A), which is called the Weil representation. The dense subspace 
5((M_ ® V)a)), formed by the Schwartz-Bruhat functions on (M_ ® V)aj 
is invariant under the action of Sp 2N (A). The theta functional 

: S((M-®V) A ) C 

given by 

0(0)= £ 0(r) 

is 5p2Jv(-f 1 )-invariant. 

The group Sp 2N (A) contains the commuting pair of groups Sp M (A) and 
G(A), where Sp M (A) is the preimage of Spm(A) in Sp 2 n(A). 

For a given E <S((M_ ® V)a), there are two simple ways to construct 
a function on Spm(F)\Spm(A): one is 

I(<M=/ 6(Tr(g,h)cf>)dh, geSp M (A), (1.2) 

where 7r is the Weil representation and d/i is the Haar measure on G(A) such 
that the volume of G(F)\G(A) is 1. For the second way, we first consider 
the function g i— > (7r(g)0)(O), which is P(A)-invariant (where P is the Siegel 
parabolic subgroup of SpM that fixes M + ). We then form the Eisenstein 
series 

E(<M= E fa -MO). (1-3) 

reP(F)\Sp A/ (F) 

This gives a function on SpM(F)\Sp M (A). When dim V > dimM + 2, both 
(|1.2|) and (jl.3j) converge, and the the Siegel- Weil formula asserts that the 
above two constructions are equal, i.e. 

I(0, 5 ) =E(0,g). (1.4) 

Weil [7] proved such an identity in more generality for dual pairs constructed 
from semisimple algebras with involutions. Generalizations of this formula 
to non-convergent cases can be found in [5]. 
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Put 1(0) = 1(0, e) and E(0) = E(0, e), we have 



1(0) = E(0) (1.5) 

Since 1(0, g) = l(g ■ 0) and E(<f>,g) = E(g -0), we see that ([131) and (USD 
are equivalent. 

Since the cosets P(F)\Spm(F) are in one-to-one correspondence with 
the set Gr(M) of Lagrangian subspaces of M, via the map Pg >— > M+g 
(we assume the symplectic group acts on M from the right). The Eisen- 
stein series (|1.3p can also be written as a summation over Gr{M) as follows. 
Let 7r_ : M — > M_ denote the projection with respect to the decompo- 
sition (jl.lj) . For r £ P(F)\Spm(P), let f7 = M + r . Then the symplec- 
tic pairing tt_(£/) x M + — > F factors through a non-degenerate pairing 
7r_(J7) x M+/(Af+ n ?7) — > F. For each f G vr_(C7), let u G f/ be a lifting of 
write v = V- + £>+ according the decomposition (jl.ip . then the map 

p:7r_(C/) ^M + /(M + n?7), v^?} + + M + nC/ (1.6) 

is well-defined. One can prove that 

vr(r)0(O)=/ xl>{Ux,px))cj>{x)dx^ E{4>,U), (1.7) 

J(n-(U)(X>V) A 1 

where ifi is the additive character of A/F used in the definition of the Weil 
representation, and the measure on the right hand side is the Haar measure 
on (tt-(U) V)a normalized by the condition that the covolume of the 
lattice tt-(U) (S> V is 1. So the Eisenstein series fjl .3f) can be written as 

E(0)= Yl E (^ U )- 

U£Gr(M) 

In our generalization of the Siegel-Weil formula (jl.5p . we assume the 
symplectic space M has an additional structure, which we call an snt- 
module. The groups involved are no longer reductive groups (examples: 
Sp n (F[t]/(t k )) and G(F[t]/(t k ))) . To state our generalization, we define 

Definition 1.1 By a symplectic, nilpotent t-module (=snt-module) M, we 
mean an F[t]-module which is finite- dimensional when considered as a vector 
space over F, and which is equipped a symplectic form ( , ) such that the 
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following conditions are satisfied 

(i) there exists a positive integer N > such that 

t N •£ = (), forall£eM. 

(ii) . The operator t is self-dual, i.e. 

{t£,v) = {ZM (1.8) 

Since t = on M, we may regard M as an i^[[f]]-module. We give a 
simple example of an snt-module. Consider F[[t]] -module 

H k = F[[t]]/(t k )®F[[t])/(t k ), (1.9) 

with a symplectic form (, } denned by the conditions 

(i) . Each of the two summands is isotropic. 

(ii) . 

((t*,0),(0,ti)> = { J| j + , where i,j = 0,l,....,fc - 1. 

We shall prove later (see Lemma l2.2p that every snt-module is a direct sum 
of the above examples. For a given snt-module M, g £ GL(M) is called an 
snt-module automorphism if g preserves both the F[[t]]-module structure 
and the symplectic structure. We denote by 

Sp(M,t) 

the group of all snt- automorphisms on M. 

For a given snt-module M and a space V with non-degenerate, bilinear, 
symmetric form ( , ) , then the space 

M® F V = M® F[[t]] V[[i\] (1.10) 

has a natural snt-module structure, where V[[t]] = V <8>f [[*]]• And the 
symplectic form is defined using the first tensor product: 

(X\ ®Vl,X2®V2) = (X\, X 2 )(VI , V 2 ) 

and the F[[t]] -module structure is defined using the second tensor product. 
Let Sp2N (2-/V = dimMdimy) denote the symplectic group of the sym- 
plectic space M ®p V, the group Sp(M,t) is a subgroup of Sp2N- The 
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orthogonal group G(F) acts on M ®p V preserving the snt-module struc- 
ture. But a larger group acts on p,10|) : for x®v € M®p[[t]] V"[[t]], 

(x (g) ■ g = x (g) (v ■ g) . 

It is easy to see that the action preserves both the symplectic structure and 
the F[[t]] -module structure, so we also have a group morphism 

G(F[[t}}) -> S P2N . 

We denote G q (F[[t]]) the image. The subgroups Sp(M,t) and G q (F[[t}]) 
in Sp(M (g> V, i) obviously commute. Our generalization of the Siegel-Weil 
formula is concerned with the commuting pair (Sp(M,t),G q (F[[t]])), which 
are not reductive groups in general. Let 

Gr{M, t) 

denote the set of all F[[t]]-stable Lagrangian subspaces of M, so Gr(M, t) C 
Gr(M). 

We take a direct sum decomposition M = M_ © M + such that M_ € 
Gr(M),M + £ Gr(M,t). As before L 2 ((M_ ® V)a) is a representation of 
Sp 2 n(A), with the theta functional 

: «s((m_ ® vOa) c, cf)^e(0)= <^ r )- 

For a subspace J7 G Gr(M), let U) be as in (|1.7h . and we define 

Et(0) = ^ (1.11) 

WeGr(M,t) 

And we define 

lt(0) = f / 6{h ■ cp)dh, (1.12) 

JG«{F[[t}])\G«{A[[t]]) 

where dh denotes the Haar measure on G 9 (A[[t]]) such that the volume of 
G q (F[[t]])\G q (A[[t]})isl. 

By Lemma \2.2\ M is isomorphic to a direct sum of n copies of H^s: 

M ~~ //,,, ] ••• : //,„, (1.13) 

assume dim V > 6n + 2, and the quadratic form ( ) on V is F-anisotropic or 
dimF — r > idimikf + 1, where r is the dimension of a maximal isotropic 
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subspace of V, then we have the following generalization of the Siegel-Weil 
formula (Theorem 17.31 Theorem 18. ip : 

Et(0) = lt(</>). (1.14) 

The condition dimV > 6n + 2 is for the convergence of Et(0), and the 
condition that (V, (,)) is F-anisotropic or dimV — r > ^dimM + 1 is for 
convergence of It ((f)). This formula reduces to the classical formula (|1.5|) 
when k\ = ■ ■ ■ = k n = 1. 

In general, the Sp(M, t)-action on Gr(M, t) is not transitive, but there 
are only finitely many orbits, so the sum Et(0) = ^2 E(U, (f>) is a sum of 
Eisenstein series induced from several "parabolic" subgroups (rather than 
only one), and each corresponds to a Sp(M, t) -orbit in Gr(M,t). 

In the case that M is a direct sum of n-copies of the snt-module H^, 
then Sp{M,t) = Sp 2n {F[t]/(t k )) and G q {F[[t}]) = G(F[t]/(t k )). The for- 
mula (|1.14p means that the Siegel-Weil formula holds for symplectic and 
orthogonal groups over F[t]/(t k ). It is implies that the Siegel-Weil formula 
holds for symplectic and orthogonal groups over F[t]/(p(t)) for arbitrary 
polynomial p(t). 

We now give an explicit example of our formula. Let F = Q, and the 
snt - module M be 

M = q[t]/{t 2 )®Q/(t 2 ) (1.15) 

with the snt-module structure given as in (|1.9p . And we take a positive 
definite even unimodular lattice L of rank N with the bilinear form given 
by (,), and let V = QL. It is well-known that N is divisible by 8. Let 
L\,...,L g be the list of the positive definite even unimodular lattices of 
rank ./V (up to isomorphism), let Qj denote the the pairing of Lj, and |Autj| 
be the order of automorphism group of Lj. We denote 10 and © 1 in 
(I1.15jl by ei and e 2 respectively, then e±, tei, e.2, t&2 is a Q-basis of M. Let 
M_ = Qei + Qiei and M + = Qte 2 + Qe 2 . It is clear that M_ and M + are 
Lagrangian subspaces of M and 

M = M_ ©M + . 

We have the Weil representation of 5p4jv(A) on 

s((M_®y) A ). 

Take = LT,,^,, G 5((M_ <g> V)a) as follows: for a finite place p of Q, <p p is 
the characteristic function of e± Lz p + te\ ® Lz p (where Z p denotes the 
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ring of p-adic integers and Lz p = L ® Z p ); for the real place oo of Q, 

0oo(ei ® ui +tei ®u 2 ) = e -2 V2 ' 2; , 

where ti,T2 are complex numbers in the upper half plane. With the above 
choice of 4>, our new Siegel-Weil formula (|1.14p becomes 



1 + - Yl (am 2 n + an 2 T 2 + b)~ 



N_ 

' 2 

2 

0>l,6eZ:(a,6)=l m,neZ:(m,n)=l 



9 1 

— \ \ ^ e niTi(u,u)+mT2(v,v) (116) 

^ I Aut ? - 1 ^ 1 ' ; 

3=1 u,v£Lj ,u, v colinear 

where (m, n) = 1 ( (a, 6) = 1) means m, n (resp. a, 6) are relatively prime, 
and u, v colinear means the Q-span of u, v is at most 1-dimensional. And 
the constant C is given by (|1.18p below. 

We compare (|1.16p with the classical Siegel-Weil formula 



m,n€Z,(m,n)=l 3=1 ^ u£Lj 

This formula expresses the y-th Eisenstein series of SX(2,Z) as a sum of 
Theta series. The constant term in g-expansion of both sides gives the 
density formula 




(1.18) 



which determines C. 

If we take more general test function eft, our Siegel-Weil formula (|l,14p is 



1 + - Yj Yj {am 2 Tu + 2amriTi2 + an 2 T 22 + b) 2 



2 

a>l,6eZ:(a,6)=l m,n£Z:(m,n)=l 



9 1 

C ~y ^ Y] e m(Tii(u,u)+2Ti2(u,v)+T22{v,v)) (119) 



, l Aut 7l 

3=1 J u,vdLj ,u,v colmear 



where C is determined by (|1.18p . 
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The paper is organized as follows: In §2 we study the structure of an 
snt-module M (Lemma 2.2) and the structure of the corresponding group 
Sp(M,t) of snt-automorphisms of M (Cor. 2.6). In §3 we recall basic facts 
about the Weil representation and study the Eisenstein series Et(</>) for the 
Weil representation associated to an snt-module. In particular, we state 
the convergence theorem (Theorem 3.3) for such Eisenstein series. As we 
already stated, the proof depends on the convergence theorem for Eisenstein 
series on loop groups, and will be given in Part II of this paper (|3j). We 
also state a consequence, Theorem 3.4, of Theorem 3.3 together with Prop. 
1 and Prop. 2 of jJJ. 

In §4 we extend a result in Weil [7J and obtain Theorem 4.7, which 
identifies certain abstract measures associated with the map T\y (see (3.13) 
for the definition of T\y) with certain gauge measures in the sense of [7J. In 
§5 we obtain Theorems 5.4 and 5.8. In particular, we identify the space of 
G{F[[t}]) - orbits in M_ <g> V with the set of pairs (W, i) with W € Gr(M_, t) 
(the t - Grassmannian) , % S SfiW) such that U(i)f is non-empty ( U(i)f is 
defined in §5, just before the statement of Theorem 5.8). 

In §6 we discuss 9 - series and finally, we prove Theorems 7.3 and 8.1, 
our versions of the Siegel-Weil theorem for snt-modules. 



2 The structure of symplectic, nilpotent ^-modules. 

In this section, we prove some results about the structure of symplectic, 
nilpotent i-modules (snt-modules) defined in Section 1 (Definition 1.1). 

Lemma 2.1 Let M be an snt-module. For all £ € M, k € Z>o, we have 

= 0. 

Proof. We have for all £ € M, k E Z> , 

since (•, •) is skew symmetric. On the other hand 

by {EE]). Hence 

<£,t fc -£> = o, 

□ 



s 



Lemma 2.2 Every snt-module M is isomorphic to a direct sum 

M^H kl ®....(BH kn 

kl > ^2 > •••• > k n . Where H k is given as U.9\) . Moreover, n and the ki 
are uniquely determined by M . 

Proof. The uniqueness is clear from the theory of elementary divisors. For 
£ € M, we define the order of £ to be the smallest positive integer k, such 
that t k ■ £ = 0. Pick £ € M of maximal order (N say). Then the vectors 

/ v 

are linearly independent over F. To see this, we consider .F[[i]]-submodule 
F [[*]]£. Since F[[i]] is a PID, F[[i]]£ is isomorphic to F[[t]]/(t k ). It is clear 
that k = N. 

Since ( , ) is non-degenerate, we can find n £ M, so that 

it"" 1 -C,ri) = 1, (i j • & ?7) = 0, j = 0, 1, JV - 2 

But then, 

(e,^-i.ry) = (^- 1 -£,ry)=l 

Hence 

t"- 1 • ^ 0, 

and so 

■q,t ■!],...., t N ^ -ry 
are linearly independent (by the above argument) and 

t N ■ rj = 

(since iV was assumed the maximal order of any element of M). But then if 
d = F-span of £, t ■ f , t^ -1 • £, 
C*2 = F-span of r], t ■ rj, ....,t N ^ 1 ■ i], 

we see that 

h = d e c 2 

with symplectic structure given by the restriction of (, ) on M is isomor- 
phic to the snt-module Hn, with Ci, C2 corresponding to the two direct 
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summands i* 1 [[*]]/(£ )■ Since (,} restricted to H is non-degenerate, M de- 
composes as a direct sum of sni-modules 

M ^HQH-L, 

and applying the induction hypothesis to H^~, we obtain the lemma. □ 

For an snt-module M, so M is in particular a symplectic space. As in 
Section 1, we let Gr(M) denote the set of all Lagrangian subspaces, and 
Gr(M,t) denote the set of Lagrangian subspaces which are stable under 
the action of F[[t]], so Gr(M,t) C Gr(M). We call elements in Gr(M,t) 
t-Lagrangian subspaces. We have: 

Lemma 2.3 IfU C M is a F[[t]]-stable, isotropic and it is not properly con- 
tained in any other F[[t]]- stable, isotropic subspaces, then U is t-Lagrangian, 
i.e. U € Gr{M,t). 

Proof. Assume U is not maximal isotropic. Then there exists v € M, v $.17, 



As in Section 1, we let Sp(M,t) be the subgroup of all a € Sp(M) such 
that a is an -module automorphism. For a finite dimensional 
module U, a subset of non-zero elements e\, . . . , e n is called a quasi-basis of 
U if every element in U can be written as an F[[t]] -linear combination of 
ej's and a\e\ + • • • + a n e n = implies that all cijej = 0. For example, for 



the set (n elements) (1,0,..., 0), (0, 1, . . . , 0), . . . (0, . . . , 1) is a quasi-basis. 
If U has a quasi-basis consisting of n-elements, then the F- vector space 
u = u/tu is n-dimensional. If we have two such F^Jj-modules U\ and U2, 
and T : U\ — > U% is a morphism, then T induces a F-linear map T : U\ — ^ XJ-i. 

An snt-module M with decomposition as Lemma 12.21 is called homo- 
geneous if ki = = •••• = k n = k. In this case the group Sp{M,t) is 
determined by 



such that 



(v,u) ■■ 

But then for all u G U, i G Z>o 

(f ■ v, u 




0, all u € U. 



U = F[[t]]/(t k ') • • • © F[[t]]/(t k ") 
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Lemma 2.4 Let M be a homogeneous snt-module as in i!.13\) with k\ = 
■ ■ ■ = k n = k. Then Sp(M,t) is isomorphic to Sp2 n {F[[t]]/ (t k )) . In partic- 
ular, its reduction modi defines a surjective group homomorphism 



7T : Sp(M,t) - Sp 2n (F), 

Proof. We first consider the free F[[t]]/(i fe )-module {F[[t]]/{t k )) 2n . It has as 
standard F[[t]]/(t fe )-valued symplectic form (, ) A . We define an F-valued 
symplectic form ( , } on (F[[t]]/(t k )) 2n by 

(a, h) = coefficient of t k ~ l in {a,b) A . 

With this (, }, (^[[i]]/(i fc )) 2n is an snt-module, which is clearly isomorphic 
to M in the lemma. It follows from the construction that Sp2 n (F[[t]]/(t k )) 
preserves the snt-module structure, so we have 

S P 2r(F[[t]}/(t k ))<ZSp(M,t). 

For the converse inclusion is also clear. □ 



For a homogeneous snt-module M as in Lemma 12.41 , M = M/tM has 
a symplectic structure defined as follows, if a, b £ M, let a, b £ M be their 
liftings, then 



def 



(5,6) =' {a,t k ' l b). 



(2.1) 



Now we turn to the case of general (possibly non-homogeneous) snt- 
modules M, with direct sum decomposition as in Lemma 12.21 For fixed k, 
we let 

M{k) = ® kt=k H kt , 



so 



M = M(h) e ... e M(i s ), h>h> .... > i s , 



(2.2) 



with each M{li) a homogeneous snt-submodule. The M(^)'s are mutually 
orthogonal with respect to (,). 

Now if a € Sp(M,t), then a (acting on the right, recall) has a block 
decomposition with respect to (12. 2D . 



a 



a\....a] 



a{....a s s 



(2.3) 
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where a\ : M(k) -> M(lj), and for £ = ....,&) G M G Afft)) 



£<r = (£1, ....,6 



a}....al 



<7?....cr 



1-— 



We have also the decomposition M = M/tM induced from the decom- 
position 



(2.4) 



M = M(h) e ... e M(i B ), h>h> .... > i 8 , 

So a : X — > X has a block decomposition: 



a 



a\....a\ 



(2.5) 



L °i--° s 

Lemma 2.5 XYie matrix a is block-upper triangular, i.e. 

o\ = for i < j 



(2.6) 



anc? t/ie diagonal block a\ is in Sp(X(Ji)) (recall X(Ji) has the symplectic 
structure defined by h2.1\) ). 

Proof. For i < j, Vj G M(lj), we have t^Vj = and aj is t-linear, this 
implies that ^(vjaj) = 0, then 



Vjoi g t li - l m{k) 

This implies that a\ = 0. For a, b G M(/j), we have 

s 

(^- 1 a,6) = (t^a^ba) = ^{t^aa), ha)), 



(2.7) 



(2- 



if j < i, by (|2.7p we have 



and 

it implies that 



^acrj G t h ~ l t l i- k M{lj) = t l i- l M{lj) 



bo) G t l i- li M{lj) 



(t^ao^ba*) =0. 
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For j > i, then k — 1 > lj, we have 

t^aa) € t^Milj) = 0. 

So (JSIHD gives that 

^- 1 aS = (t l '- 1 aal,baf), 

by the definition (|2.ip of the symplectic form on M(/j), we prove that a\ is 
a symplectic isomorphism of M(li). □ 

Corollary 2.6 Let M be an snt-module as in $2.2\) . then Sp(M, t) is the 
semi-direct product 

Sp{M, t) = NxH, 
where N is the unipotent radical of Sp(M, t) and 

where r% is the number 's in the decomposition of M{U). 

Next we discuss the classification of i-Lagrangian subspaces. First for 
the snt-module (|1.9p . let ei,e2 denote (1,0), (0,1) respectively. For each 
< i < k — 1, let Li be the -F-subspace with basis 

t e±,t ex,..., i ei,t e2,t e2,...,i e2- 

It is clear that Lj is a t-Lagrangian subspace. For an snt-module M with 
decomposition as in Lemma l2T2j let Lj . C Lf^ be the subspace described as 
above, it is clear that 

L n • • • © L in (2.9) 
is an t-Lagrangian subspace of M. We have 

Proposition 2.7 Lei M be a snt-module with decomposition as in Lemma 
\2.2\ then every t-Lagrangian subspace can be tranformed by some g £ Sp(M, t) 
to an t-Lagrangian subspace as in h2.S\) . 

This proposition will not be used later, we skip its proof. 
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3 The Weil representation and t-Eisenstein series. 



In this section, we first recall some basic facts about the Weil representation 
associated to a symplectic space over F, then we study the Eisenstein series 
Et(0) (jl.lip for the Weil representations associated to an snt-module. 

We shall fix a non-trivial additive character ifi : A — > S 1 that is trivial 
on F. Let F 2N be the standard symplectic space over F, and C = C_ © C + 
be a direct sum into Lagrangian subspaces; then a two-fold cover, denoted 
by 5j?2at(A), of the adelic group Sp27v(A) acts on L 2 (C_ 5 a)- The subspace 
<S(C_ a)j formed by the Schwartz-Bruhat functions is invariant under this 
action. We recall now the action formula. For g G <5p2Jv(A), let 



(3.1) 



be the block decomposition of g with respect to the decomposition 

A 2N = C_, A © C+, A . 

In this paper, we always assume the action of S^iv on F 2Ar (as well as other 
symplectic group actions on symplectic spaces) is from the right. So 7 5 in 
(|3.ip is a map from C + — > C_. Let <jj G Sp 2 n(A) be a lifting of 5. For 
<f> G S(C- t A), (g ■ <p)(x) equals to 



A/ + x*)4>(xa g + x*7 9 )<i(x*7 9 ), (3.2) 

J Im 7 9 

where A G C* is a certain scalar depending only on g, d{x*^ g ) is a Haar 
measure on Im7 5 and 

Sg(x + X*) = t/} (^{xa g ,X(3g) + ^(x*-fg,X*5g) + (x* 7 g , X (3 g)^ J 

it is easy to see that (x*j g ,x*5g) depends only on x*j g (not on the choice 
of x*), therefore S g (x + x*) is a function of a; and x*7 g . Since 5 is unitary, 
A can be determined up to a factor in S . 

Let P be the subgroup of Sp2N that consists of elements that maps 
C+ to itself. An element g is in P(A) iff 7 9 = 0. Then there is a lifting 
P(A) C 5p 2 iv( A ) so that for 5 G P(A) and G S(C_ A ), 

I 1 

{g-4>){x) = \det(a g )\Xip(-(xa g ,xf3g))(/)(xag), (3.3) 
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where the factor \det(a g )\j^ guarantees the unitarity of the operator g. There 
is also a lifting 

SP2N(F) C Sp 2N (A) 

such that theta functional 

6 : «S(CL jA ) -> C 

given by 

reC- 
IS invariant under Sp2N{F). The action of Sp2N(F) is given by (|3.2p with 
A = 1 and the Haar measure is given by the condition that the covolume of 
(Im 79 )(F) is 1. 

For a given snt-module M with 

M = H kl © • • • © H kn (3.4) 

with H ki is as in (jl.9p . and a space V with non-degenerate, bilinear, sym- 
metric form ( , ). Let G denote the orthogonal group of V. Recall that 

M® F V = M® F[[t]] V[[t]] (3.5) 

has a natural snt-module structure (Section 1). Let Sp2N (where 2N = 
dimAfdiml/) denote the symplectic group of the symplectic space M <8>i? V. 
The group Sp(M,t) is a subgroup of Sp2N- The group G(F[[t]]) acts on 
M ®F[[t]] i n the second factor, so we have a group morphism 

G(F[[t]}) -+Sp(M®V,t). 

Suppose I = max(&i, . . . , k n ); then the image G 9 (.F [[£]]) of the above ho- 
momorphism is isomorphic to G(F[[t]]/(t 1 )). We have a commuting pair 
(Sp(M, t), G(F[[t]]/ (t 1 ))) in Sp(M ©^ V, t). 

Suppose we have a direct sum decomposition 

M = M_ © M+ (3.6) 
such that M + ,M_ G Gr(M,t). We put 

X d = M_ © V. 
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The space L 2 (Xa) is a representation of metaplectic group Sp 2r j(A.), and 
we have the theta functional 

9:S(X A )^C, cj>^0{<t>) = Y,<t>{r). (3.7) 

rex 

Recall the Eisenstein series (|1.3p . (|1.7j) for 4> G 5(Xa) is given by 

E(0)= ^ E ^ U ) = E / ^(^M^cfe. 

U€Gr(M) UeGr(M) J(7T - (U ^ V ^ A 

Let 7r_ : M — > M_ be the projection map with respect to (|3.6j) . It gives 
a map 

Gr(M) -> Gr(M_) : 17 i-> tt_ (£/")• (3.8) 
We wish to describe the inverse image of a given W G GV(M_). Let 

VF" 1 = {i£ M + | (W, x) =0}. 

If U € Gr(M) satisfying ir-(U) = W, then it is easy to see that 

w ± = M + n u. 

The symplectic pairing W x M + — ► F factors through a non-degenerate 
pairing 

( ) : W x M^W" 1 -> F 

We may identify W* with M + /W 1 - using this pairing. Recall we have the 
map 

as defined in (jl.6p . It is easy to prove that pu is self-dual. We have 



Lemma 3.1 For a given W G Gr(M-), the map 

U ^ pu 

is a bijection from the set of U G Gr(M) such that ir—(U) = W to the set 
self-dual linear maps from W to W* = M + /W^ 

Proof. It is clear that the map U *— > pu is one-to-one. If p : W — > W* = 
M+/W 1 - is self-dual, then 

U d = {w + p{w) +W ± \weW} (3.9) 
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is a Lagrangian subspace of M, and pu = p. So the map in the lemma is 
also onto. □ 



Recall the i-Eisenstein series defined in (jl.lip is a sub-series of E(^) 
given by 

m{4>)= Y, E ^ u )- ( 3 - 10 ) 

U£Gr(X,t) 

Since M_ and M + are -F[[i]]-submodules of M, the projection map 

tt_ : M -> M_ 

is an -module homomorphism. For each U G Gr(M,t), ir—(U) is an 
F[[£]]-submodule of M_. Denote Gr(M_,t) the set of F[[t]]-submodules of 
M_, so we have map 

P:Gr(M,t)^Gr(M_,t): U^tt-{U). (3.11) 

For aW G Gr(M_,t), we wish to describe the inverse image 

P w d ^ P~ 1 {W). 

For any U G fV> i- e - ^ G Gr(M,t) and 7r_(J7) = VF, we have the linear 
map 

pu : W —> M + /W ± , 

as defined in (|1.6|) . As before /?[/ is self-dual. We now prove pu is -F[i]- 
linear. If w G W, since 7r(J7) = W, there is u>' G W + such that w + w' & U. 
By our definition of /?[/, pu(w) = w' mod(W- L ). Since U is t-Lagrangian, 
+ tw' G Z7, this implies pu(tw) = it/;' modfW^). 

Lemma 3.2 For eac/i t7 G P\y, 

Pu :W -> M+/W 1 - = M+/(M+ n 17) 

is i^f^JJ-Zmear and self-dual. Conversely for each p : W — > M+/W -1 - i/iai 
is ^[[tJJ-Zmear and self-dual, there is a unique U G 7\y smc/i iaai pu = P- 
Therefore U 1— > /?{/ is a bijection from P\y to Fy/ , the space of all p : W —> 
U+/W 1 - that is self-dual and F[[t]]-linear . 

This lemma is an i-analog of Lemma 13. 11 Suppose p is F[[i\] -linear and 
self-dual, then U given as (|3.9p is the unique t-Lagrangian subspace such 
that pu = p- 
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We set 

EM0) = ]T E i^ U l 

U€P W 

By Lemma 13.21 we have 



Et w ^)=Y j [ <t>(x)^(\{x,p(x)))dx, (3.12) 

~^ J(W®V) A 1 



where dx denotes the Haar measure on (W <g) V)a such that the covolume 
of W (g> V is 1. We have 

Et(0) = ^ Et w (^). 

W&Gr(M-,t) 

For an ^[[tJJ-submodule VF C M_, we let 

S t 2 (W) c W® F[W] W 
denote the -F[[t]]-submodule of symmetric tensors. We define 
T w : W ® F V = W ® F[[t]] K[[t]] -» 5 t 2 (iy) 

by 

s s 

TV : (8> i-> (vi,Vj)wi <g> Wj, (3.13) 

i=i »ii=i 

where u>i G W, € V, i = 1, s, and where i«j (g> Wj denotes the tensor 
product of Wi, Wj in Sf (W). Of course TV can be extended to an adelic map 

TV:(W® F F)a^S 2 (WOa, 

and for r £ Sf (PF)a, we set 

W r = {ie (iy <g) F v)a 1 = r}. 

We now consider Etw (</>) as defined in f)3. 12|) . In that expression we consider 
p G Fyy. We have a pairing 

Sf(W)xF w ^F, (^2w i ^u i ,p) = ^2{w l ,p(u i )), (3.14) 
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which is clearly non-degenerate. And we have 



(w,p(w)) = (T w (w),p), we(W®V) A . 
We may then rewrite the right hand side of f)3. 12|) as 

V / <t>{x)i>{\{T w {x),p))dx. (3.15) 



The following result is a corollary of convergence of Eisenstein series on 
loop groups, it will be proved in part II. 

Theorem 3.3 Let M be an snt-module as in {3.$ , where is as in hi. 9(1 . 
If dimV > 6n+2, then the series $3.10\) converges absolutely and the conver- 
gence is uniform for <j) varying over a compact subsets in S{X A ). It follows 
that the series i3.12\) = 113.15]) converges absolutely and the convergence is 
uniform for <ft varying over a compact subset of S{(W <8> V) A ). 



We can apply Proposition 1 and Proposition 2 of [7j- Using Weil's no- 
tation as in [7]: 

X = (W®V) A , G = Sj{W) A , T = S 2 t (W), f = T w . (3.16) 

and G* = (F\y) A , T* = F]y, where we regard G* = (F\y) A as Pontryagin 
dual of G by the pairing 

S 2 t {W)A x (F W ) A - S\ {a,p} = ^(a,p)). 

We have 

F;{g*)= f <j){x)iP{\{T w {x),g*})dx= f ^(x){f(x),g*}dx. 

J(W®V)a 1 Jx 

Theorem 13 . 31 implies that the condition of Proposition 2 in [7] is satisfied; 
that is 

E iw+7*)i 

r*er* 

converges and the convergence is uniform as ((j),g*) varies over a compact 
subset of S(X) x G* . By using of Proposition 1 and Proposition 2 [7], we 
obtain 
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Theorem 3.4 Suppose dimV > Qn + 2. To every r € Sf(W)A, there corre- 
sponds a unique positive measure fi r on (W®V)a whose support is contained 
in lA r , so that for every function (ft on (W ® V)a which is continuous with 
compact support, the function F^r) = J <fidfi r is continuous and satisfies 

J F,(r)dr = J ^x)dx 

where dr, dx are fixed Haar measures on S^(W)a, {W ®fV)a, respectively. 
Moreover, the /u r 's are tempered measures and for <f> € S{iW <g> V)a), F^ is 
continuous, is an element of L 1 (S^(W)a), and is the Fourier transform of 
the function FU-) on S^(W*)a given by 

F;(p)= [ <t>(x)^(T w (x),p))dx. 
J(W®V) A z 

Finally, 

Et w (cP)= V / tdfir, (3.17) 

the series on the right being absolutely convergent. 

Since the convergence of the right hand side of (|3.17p is uniform as <f> 
varies on a compact subset of <S((W(g> V)a), Etw is a tempered measure on 
(W ® V)a- The formula (|3.17p can be restated as: 

Corollary 3.5 We have the identity of the tempered distributions: 

Et W = ^ A*r- ( 3 - 18 ) 

reSf(W) 



4 An extension of Weil's abstract lemma 

In this section we study the measure d(i r in Theorem 13.41 We begin with a 
statement of Proposition 1 in [7j (page 6) 

Lemma 4.1 Let X and G be two locally compact, abelian groups with fixed 
Haar measures dx, dg respectively. Let 

f:X^G 

be a continuous map such that 
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(A) For any $ € S(X), the function F| on G* defined by 

F|( 5 *)= / <S>(x){f(x),g*}dx, (4.1) 
Jx 

(where dx { , } denotes the pairing between G and G*) is integrable 
on G* and the integral J \F£\dg* (where {dg* is Haar measure on G*) 
dual to dg) converges uniformly on every compact subset of S(X). 

Then one can find a uniquely determined family of positive measures 
onX, where support(/j, g ) C / _1 ({g}), and so that for every continuous func- 
tion with compact support on X, the function F& on G defined by 



F*(g) = I $dfi g , (4.2) 

is continuous and satisfies 

F&dg = I $>dx. (4.3) 



Moreover, the measures [i g are tempered measures and for $ € S(X), F$ is 
continuous, belongs to L l {G), satisfies \4-3\ ), and is the Fourier transform 
ofFl 



We call (X,G,f) as in Lemma 14.1^ an admissible triple. 

Let M, M-, M+,V be as in Section 3. And as Section 3, W denotes a 
F[[i]]-submodule of M_. For a fixed place v of F, we set 

X v = {W®V) Fv , G v = S 2 t (W) Fv , 

and let T v : X v — > G v be the i^-linear extension of Tw defined in (|3.13p . 
The dual group G* v of G v is identified with {Fw)f v - 

Lemma 4.2 If dimV > 6n + 2, then above triple (X V ,G V ,T V ) is an admis- 
sible triple, equivalently, 

W) = [ *(x){f(x),g*}dx, 
Jx 

satisfies condition (A) in Lemma \4~l\ 
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This lemma is an analog of Proposition 5 in [7 J (page 45). We expect 
that the condition dim V > 6n + 2 can be replaced by the weaker condition 
dimy > 6re + 1. For our purpose, the condition in the lemma is enough. 



Proof. For simplicity, we write A, G, T for X V ,G V ,T V . Let Xa = (W ® V)aj 
Ga = <Sf (VF)a, and Ta : Aa — ► Ga be Tw <8> A then we have 

X A = X xX c , G A = GxG c 

where X c is the restricted product of (W <S> ^)f„'s for w ^ v, G c is the 
restricted product of S%(W)f w 's for w ^ v. And Ta = T x T c , where 
T c : X c — > G c is defined similarly as T. Let C be a compact subset of 5(A). 
We choose a function 0o £ 5(A C ) such that 

</>o(x c )dx c / 0. 
Then ^(fc) g iven b y 

F L(9c)= Mxc){T c (x c ),g*}dx c , 
Jx c 

satisfies that Ff (0) / 0. Since F? (g*) is continuous, we have 



/ |F^ o ( ff *)|^ c *=M^0. 
Jg c 



For each function E 5(A) , 4>(x)<po(x c ) is in 5(Aa). Since C is a 
compact subset of 5(A), Cifio is a compact subset of 5(Aa)- By Theorem 
13.31 and the Proposition 2 in [7j, we know that Aa, G a ,T a is an admissible 
triple. We consider the function 

<f>(x)<f>o(x c ){T(x),g*}{T c (x c ),g*}dxdx c = F^g^F^g*). 

ix Jx c 

Since C0o is compact, the integral 

\F4g*)F^M)\dg*dg* c 

G*xG* c 

converges uniformly as (f> varies over C. By the Fubuni theorem, we have 

G*xG* 

IWW [ \F^{gl)\dgl 
G* JG* 



M [ 

JG* 
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This implies that 

Jg* 

converges uniformly as (j) varies on C. □. 

Since W is a finite dimensional over F and t N W = for N large, W is 
isomorphic to 

F[t]/{t^)e l @---®F[t]/{t k ™)e m 

as a F[[i]]-module, where ei, . . . , e m is a quasi-basis of W. Let denote 
the quotient W/tW, we have 

= Fei © • • • © Fe m , 

where is the projection of ej. Let G^ denote 5 2 (M^ t) ), where 5 2 (W r p u ) 
is the subspace of the symmetric tensors in Wf v © Wf v ■ For simplicity, we 
shall write G, X, G for G v , X V ,G V . We have T given by 

T : X d = (W (g> V)„ -» G d = 5 2 (W„), <g> ui h-» VjH ® u r 

i i,j 

The condition dimy > 6n + 2 implies in particular dimF > 6n + 2 > 6m + 2; 
this implies that the condition for Proposition 5 in [7] (page 45) is satisfied, 
so (X,G,T) is an admissible triple. The canonical map W —* W induces 
surjective linear maps 

ttx '■ X — ► X, ttq : G — > G. 
We have the commutative diagram 

X X 

IT if (4.4) 

G G 

Let / : X — » G denote o T = T o -ztx • 

Lemma 4.3 For s € X, i/ie following conditions are equivalent 

(1) . T is submersive at x. 

(2) . f is submersive at x. 

(3) . T is submersive at nx(x). 
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Proof. Since ttx is linear and surjective, it is submmersive at every point. It 
follows that (2) and (3) are equivalent. Since txq is linear and surjective, it 
is submmersive at every point, it follows that (1) implies (3). The fact that 
(3) implies (1) follows directly from Lemma 15.71 in Section 5. 



Lemma 4.4 The map f : X — > G satisfies the condition (A) in Lemma \4-1\ 

so (X, G, /) is an admissible triple. 

Proof. We use the following diagram to prove the lemma: 

X X 
f\ if 
G 

Let K denote the kernel of ttx- We have a map from S{X) — > S{X) given 
by 

$ h-> = / $(k + x)dk, (4.5) 
J K 

where k denotes the Haar measure on K. It is clear that this map is con- 
tinuous. Consider 

FU9*)= [ $(x)<f(x),g* >dx 
Jx 

In the right hand side, we integrate over K first, and notice that 

<f(x),g* >=<f(x),g* > 
where x = 7Tx{x), we get 

FU?)= [ Hx)<f(x),g* >dx, 

since (X,G,T) is an admissible triple, the right hand side is in L l (G). And 
if $ runs through a compact subset of S(X), then <3> which is related to $ by 
(|4.5p runs through a corresponding compact subset of S(X), so the integral 



\F£(9*)\dg* 

converges uniformly. This proves the lemma. □ 



24 



By Lemma l4.lt we have a family of measures {fig}g^G on X, with 
support(/xg) C f~ l {])), such that for every <& G C C (X), J ^dfig is continuous 
function of g and 



<M/i^ d 5 = y ( 4 - 6 ) 

On the other hand, apply Lemma 14. II to the admissible triple (G,X,T), we 
have a family of measures {fij }g^Q on X, with suppovt(fij) C T _1 (g), and 



)dg= <f>dx. (4.7) 



A 



Suppose that $ and $ are related by (|4.5p and the Haar measures (fg, <i<?, dk 
are compatible so that the right hand sides of (14. 6j) and (14. 7ft are equal. We 
then have 

(J d V = J G (J d 9 ( 4 - 8 ) 

We claim that the truth of (|4.8p for all $ G C C (X) implies that 

J <f>d{i- g = J $d/if . (4.9) 

To prove this, take arbitrary /i(g) G C C (G), let f*h = ho f, replace $ in 
(IOD by We get 

(| $d^) ^ = J h ® (/ *^f) 

The above is true for all h(g) G C C (G), and J Qdfig, f QdfiJ are continuous 
functions of g, so we have (|4.9p . We rewrite fj4.9j) as 



/ 




$d/i g = / ( / $(fc + x)dk)dfiT (4.10) 



Recall Lemma 17 [7] (page 52), the support of /ij is on the T- 1 (ff)re (the 
regular points (= submerssive points) in T _1 (g)). By (|4.10p . the support 
of fig is in 7r^- 1 T _1 (^) re , which is precisely the set of the regular points in 
/ _1 (g) by Lemma l4~3l We have proved 

Lemma 4.5 The measure fig is supported on f^ 1 (g) T e, the subset of regular 
points of f' 1 ^). 
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We consider the diagram 

X 

IT \f 
G ^ G 

For the admissible triple (X, G, T), Lemma [4 . 1 1 implies that we have a family 
of measures \i g (g € G) supported on T~ 1 (g) such that for € C C (X), 

F$(g) d = J <bd[ig G C(G) , we have 



f F q> {g)dg= [ $(x)dx (4.11) 
JG Jx 



We take a subspace of G that maps isomorphically onto G, we denote this 
space by G, so we have the identification G = K x G, where K is the kernal 
of 7tq. Since $ has compact support, F$ has compact support, and it is 
continuous, so we have 

5-> / F^(g + k)dk 
Jk 

is in C(G). The left hand side of (|4.1ip can be written as 



/ / F$(g + k)dkdg, 
Jg Jk 



so we have 



/ / F^(g + k)dkdg= [ <I>(x)dx (4.12) 
Jg Jk Jx 

On the other hand, use the triple (X, G, /), we have by (|4.6I 

/ ( / $dfig)dg = / §{x)dx (4.13) 
Jg J Jx 

Comparing P~T2j) and P~T3j) . we get 

[ [ F q> (g + k)dkdg = [ ([$d» s )dg. (4.14) 
Jg Jk Jg J 

Take an arbitrary h € C C (G), let f*h = h o f e C(X), and replacing $ in 
P~T4l) by /*M>, we get 

Kg) / F^{g + k)dkdg= / h{g)( $dng)dg. 
Jk Jg J 
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This is true for arbitrary h € C C (G), and both j K F$(g + k)dk and J Qdfig 
are continuous functions, so we have 



J F< s> (g + k)dk = J Qd^tg. 



But the measure fig is supported on / 1 (g) r e, so it is a gauge measure (see 
section 5 of [7] for the definition of " gauge" measure) , 

r 1 (^)=r- 1 (vr G 1 ^))=T- 1 ( 5 + ^) 

Note that 

f- 1 (g)r C = U keK T- 1 (g + k) rc 

For each given g, T -1 (<7 + k) Te is non-singular subvariety of X, we have a 
gauge form d5 k on it, we have 



(frdfig = I $d5 k dk 

K JT- 1 (g+k) 



we obtain 



f F^{g + k)dk= [ I ' T- 1 {g + k)^{x)d5 k dk. (4.15) 

K JK J 



The above holds for arbitrary $ 6 C C (X), use the same method we used 
to deduce (|4.9p from (|4.8p . we deduce from (|4.15j) that 

F*(g + k) = J T-\g + k) ie $d5 k 

So we have proved 

Lemma 4.6 The measure n g>v for the triple (X V ,G V ,T V ) is supported on 
T~ 1 {g) {e and is the gauge measure. 

Lets recall the meaning of "gauge" measure ( [7], section 5). In the 
situation as Lemma 14.61 We first take an invariant top form r] on G and 
an invariant top form wonX, Let X' be the open set of X that consists 
of all the points where T is submersive. Near each point x G X', there is a 
form X such that 9 A T*n = cj. For each y G G, the local forms 6, restrict 
to T^ 1 (y) ve = T _1 (y) n X', give a top form 9 y on T~ 1 (y) re , which defines a 
measure which is equal to /i in Lemma 14.61 
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Now we consider the global situation. Let X, G, T\y as in (|3,16p . For 
each r € Sf(W), we consider the inverse image T^ 1 (r). Notice that T is 
submersive at a generic point, the space X' formed by the points at which / 
is submersive is -F-open in X. We take a top form n over G and a top form 
u) on X, we assume that the Tamagawa measures on G(A) (X\ resp.) with 
respect to r) (resp u ) are the Haar measure normalized by the condition 
that the covolume of G(F) (X(F)) is 1. The space X' can be covered by 
i^-open subsets U\ such that, there is a form 9\ rational over F satisfying 
9 A f* = u. For each i <E G(F), then the 0's restrict on f~ l {i) n X' to get 
a top form 9i on f (i) n X 1 . By Lemma 14. Q\ d/ii tV is given by \6i\ v . Using 
a similar argument as in [7], Section 42, we can prove that 1 is a system of 
convergence factor of |#j[a- And we have 

Theorem 4.7 For each r G Sf (W), i/ie measure \i r in {3. 17\ ) is supported 
in T^} 1 (r) re and it is the same as \9 r \A, the measure define by the form 9 r . 



5 Classification of orbits of orthogonal groups 

As in Section 3, we denote M an snt-module with decomposition M = M_ 
M + into t-Lagrangian subspaces and V a finite dimensional vector space 
over F with a non-degenerate, bilinear symmetric form (, ). The orthogonal 
group G(-F[[t]]) acts on M ® V, leaving the subspace M_ ®V invariant. The 
purpose of this section to give a complete set of invariants of G(F[[t]])-orbits 
in M_ ® V (see Theorem 15.41 below) . 

Definition 5.1 Let W be a finitely generated F[[t]]-module. A submodule 
L C W is called a primitive submodule if one of the following equivalent 
conditions is satisfied: 

(1) . there is a complement F[[t}}- submodule V , i.e. W = L®L' . 

(2) . the natural map L/tL — s- W/tW induced form the embedding L =— > M 
is infective. 

Examples. (1) Let W = F[[t]]/(t kl ) ••• ® F{[t]]/(t k ™), For any I < m, 
L = F[[t]]/(t kl ) ■ • • F[[t}}/(t kl ) is a primitive submodule of M. 
(2). Let i ? [[t]] m be a free F[[i]]-module of rank m, then F[[t]] 1 (consists of 
elements with last (m — ^-components is a primitive submodule. (3). {0} 
is a primitive submodule for any M. 
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Let W be a finitely generated F[[i]]-module, e\,...,e m is called a quasi- 
basis of W if every ej 7^ 0, every element x £ W can be written as a i* 1 [[£]]- 
linear combination of e±, . . . , e m , and aiei + • • • + a m e m = (a^ G 
implies that all a^j = 0. If W is a finite dimensional F[[t]]-module, the 
" quasi-basis" defined above is the same notion as defined in Section 2. If 
W is a free ^[[tJJ-module, then a quasi-basis of W is the same as a basis 
of W. In the example (1) above, there is a quasi-basis of m elements. It 
is clear that ei,...,e m is a quasi-basis of W if and only if the images of 
ei,...,e m in W/tW form an F-basis of vector space W/tW. Therefore any 
two quasi-bases have the same number of elements. The cardinality of a 
quasi-basis is called the rank of W. 

Every 

x = ^« i ®f ! eM_®y = M_ (g) F[[t]] v[[t}} 

i 

gives rise to an F[[t]] -linear map 

f x : V[[t}} - M_, / x («) = J^u)^. (5.1) 

i 

We denote by Im/ X the image of f x , which is an -submodule of M_. 
Let ei, . . . , e m be a quasi-basis of Im /-r, then 

Im/ X ^ • • • © F[[t]]/(t k -)e m , (5.2) 

where fcj is the smallest positive integer such that t ki e{ = 0. 

Lemma 5.2 Let e\, . . . , e m be a quasi-basis o/Im f x , and suppose v±, . . . ,v m G 
V[[t}} satisfy f x (vi) = &i (i = l,...,m), then Span^^-ui, . . . , v m ] is a 
primitive submodule ofV[[t\\ and v\, . . . ,v m is a basis of$p&n F ^{vi, . . . , v m }. 

Proof. Set L = Sp&n F ^ t }}{vi, . . . , v m }, then f x \ F ■ L — > Imf x induces a 
linear isomorphism: 

f x :L/tL^lmf x /t(lmf x ). 

This implies in particular, dimL/tL = m, so the map L/tL —>■ V[[t]]/tV[[t]] 
induced from L C V[[t}] is injective, so L is primitive submodule of V[[i]]. 
The other conclusions are clear. □ 

The bilinear form (, ) on V can be extended to a -valued bilinear 
form on V[[t]] = V ® F F[[t]]. This F[[t]] -valued bilinear form on V[[t]] is 
non-degenerate. It is easy to prove 
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Lemma 5.3 Let e±, . . . ,e m be a quasi-basis o/Im f X! then there are elements 
Wi, . . . , w m £ V[[t]] such that 

(1) Spanp^jj-LWi, . . . , w m } is a primitive submodule ofV\\f\\ and wi, . . . , w m 
is basis of Spanppjjwi, . . . , w m }. 

(2) 

x = ei ® wi H h e m <g> w m . 

Proof. Choose V{ S V[[t\] ( i = 1, . .. ,m) such that f x {vi) = By Lemma 
15.21 Span f rwijui, . . . , v m } is a primitive submodule of V[[i]] and v±, . . . ,v m 
is a basis. It is clear that 

V[[t]] = Span F[M] {vi, . . .,v m } ker(f x ). 

Let f m +i, . . . ,fjv be a basis of ker(f x ). Then vi, . . . ,vn is basis of V[[i]]. 
Now let w\, . . . , wn be the dual basis if v±, . . . , vjy, i.e., (vi,Wj) = Sij. This 
is clear that v = YJiLi e i ® w i- ^ 
From Lemma [531 we see that x € Im/ X <8>F[[i]l ^[M]- We define a map 

N N 

T : Im/ 2 ®F[[t]] V[[t]] -> 5f (Im/^), «j ® i-> (vi,Vj)ui ® uj. 

i i,j=l 

Where SKlm/^) denote the subspace of symmetric tensors in Im/ X ®F[[t]] 
Imf x . We remark that though lmf x is a submodule of M_, but the natural 
map St(lmf x ) — ► Sf(M_) is in general noi an embedding. 

Theorem 5.4 Two elements x,y £ M_ ® V are m £/ie same G(T 1 [[t]])-oroii 
#f Im /a = Im / B and T(x) = T(y) . 

We need some preparations for proving the theorem. 

We recall a special case of Witt's theorem (see [I] ): 

Theorem 5.5 If L\, L2 C V[[i]] are two primitive submodules ofV[[i\] and 
if a : L\ — > L2 is an isometry, then a can be extended to an isometry in 
G(F[[t}]). 

It is clear that if x,y are in the same G(i ? [[t]])-orbit, then Im/ X = lmf y 

and T(x) = T(y). Conversely, if lmf x = lmf y = W and T(x) = T{y). Let 
ei, e m be a quasi-basis for W, and W be as (|5.2p . We may assume that 
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fcl > & > ■ ■ ■ > k m - Then Sf(W) has a quasi-basis eij — e.% ® ej r + ej ® e» 
(1 < i < j < m), and 

S 2 t (W)= FiW(t kj )<Hr 

l<i<j <m 

By lemma E31 we may write 

x = ei ® a-y H h e m ® a m , y = ej ® 61 H h e m ® 6 m 

with {ai, . . . , a m } and {61, . . . , b m } satisfy condition (1) in Lemma [5.31 Then 
T(x) = T{y) implies that 

(oi,Oj) = (&i,6j) mod r in *'*y). (5.3) 

Lemma 5.6 Lei Li and L2 be two primitive submodules ofV\^t]\ with bases 
ai, . . . ,a m and b%, - - - , b m . Let 1 > k± > ■ ■ ■ > k m . If i t 5. 3\) holds, then the 
set b\, . . . , b m can be altered to another set 61, . . . , b m such that 

h = h modt fci , for 1 < i < m, (5.4) 

and 

(b~i,bi) = (a,i,aj) fori < i,j < m, (5.5) 

and the F[[t]]-span of bi,...,b m is a primitive submodule of V[[t]] with 
b\, . . . , b m as a basis. 

Suppose the truth of Lemma 15.61 then Theorem 15.41 can be proved as 
follows. The equation f|5.4j) implies that 

y = ^ &i ® bj = ej ® bj. 

The equation (15. 5p implies that the map a : L\ — > L2 give by a, 1— > bi is an 
isometry, by Theorem 15.51 °~ can De extended to g G G(F[[i]]). then 

V ■ 9 = (JJ ej ® 6j) • 5 = ^ ej ® cr(6i) = ej ® Oj = x. 
It remains to prove Lemma 15.61 

Proof of Lemma \5.b\ We use induction on m. For case m = 1, we first take 
c € V[[t]] such that (61, c) = 1, we want to find b\ = b\ + t kl h{t)c where 
h{t) = h + hit + h 2 t 2 H G such that We have 

(ai,oi) = (61,61) 
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which is equivalent to 

(ai,ai) - (61,61) = 2t kl h(t) + t 2kl h(t) 2 (c,c). (5.6) 

Since (ai,ai) = (61,61) modt fcl , we see that 15.61 holds mod t kl for arbitrary 
h{t). Compare the coefficient of t kl , we solve for ho, after ho, we compare 
coefficient of t kl+1 , we solve h\. It is clear that the similar process can be 
continued to solve all hi. Assume the Lemma holds for m — 1, so we can 
find 61, ... , 6 m _i such that 

k bi mod t k \ for 1 < i < m - 1, (5.7) 

and 

(b~i,b~i) = (ai,cij) for 1 < i,j < m - 1. (5.8) 

We may assume 6j = 6j for z = 1, ... ,m — 1. Since () on V[[t]] is non- 
degenerate, we can find ci, C2, . . . , c m E V[[i]] such that 

(h,Cj) = 5ij. (5.9) 

We want to find hi(t), . . . , /i m (t) G -^[[t]] such that 

b m = b m + (/ii(t)ci + • • • + h m (t)c m ) 

satisfies the following m equations 

(bi,b m ) = (ai,a m ), i = l,...,m (5.10) 

Let hi(t) = J2^o^i,st s - The equations (|5.10p already hold mod t km . Com- 
pare the coefficient of t km of (|5.10p , we get a linear system with m- variables 
h\fi, . . . , h m fi and m equations, this system has non-zero determinant, thanks 
to (|5.9p . we can solve for h\ t o, . . . , h m> o- Then we compare coefficient of 
t km+1 of (EU0D . we get a linear system with m equations and m variables 
hi t i, . . . ,/im,i, and again because of (|5.9p . the system has a solution. It is 
clear that this process can be continued to solve for all hi )S 's. □ 

Lemma 5.7 Let v be a place of F, W be a F[[t]]-submodule of M_, let 
W v = W (8> F v , V v = V <g> F v . The map T :W V ®V V -> Sf(W v ) given by 

tC}, Ui Vi) = y y (vi, Vj)ui <g> Uj 

i i,j 
is submersive at xq G W v (g> V v iff Im / xo = W v 
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Proof. For simplicity, we denote W v ,V V ,F V by W, V, F respectively. Let 
cti, . . . ,a m be a quasi-basis of the F[[i]] -module Im/ Xo . By Lemma [573], xo 
can be written as 

x = aj (g> 6j = ai (g) 61 H h a m (g 6 m 

i 

where 61, . . . , b m is a basis of 5pan{6i, . . . , b m } and £pan{&i, . . . , b m } is a 
primitive ^[[^J-submodule of V[[i]]. We first find a formula for the tangent 
map 

dT X0 :T X0 = W ® F[[t]] -> T yo = Sf (W) 

where yo = ^(^o)- Take a line x(e) = °« ® &i + e ^2j u j ® v j passing 
through xo in the direction ^ ■ Uj ® , Then 

bj)ai®aj+e ^^(bi,Vj)(ai®Uj+Uj(g)ai)+e 2 ^2(vi,Vj)uj<&Uj. 

So we have 

dT X0 (^J Uj <g uj) = y~](bj,Uj)(at <g nj + Uj (g aj). (5-11) 

From this formula, we see that dT Xo is -F[[t]] -linear. If Im.f Xo 7^ W, then 
lmdT XQ C Im/^o (g W + Im/^o (g W, cff^ is not surjective, i.e. T is not 
submersive at xo- If Im/^o = W, since () on V[[t]] is non-degenerate, for 
each 1 < /c < m, we can find u € V[[t]] such that (bi,v) = Sik, then 
dT X0 (ai <£> v) = ai ® a>k + ak ai. So all a; <g at + (g a; are in lm.f xo . So 
dT XQ is surjective and T is submersive at xq. □ 

For an F[[t]]-submodule W of M_ , T\y ■ W®V -> Sf(W) as in Section 3. 
For i 6 <5f (W), We denote by U(i) the variety of elements in (i) where 
Tyy is submerssive. Of course the set of F-points U (i) p may be empty. By 
Lemma 15.71 Theorem 15.41 can be reformulated as 

Theorem 5.8 The G(F[[t]])- orbits in M_®V are in one-to-one correspon- 
dence with the set of pairs (W,i) with W € Gr(M_,t), i € Sf(W) such that 
U (i) f is not empty. The correspondence is the following, for x £ M_ (g V, 
its orbit corresponds to the pair (W,i), where W = Imf x , and i = 7\y(x). 
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6 Theta series. 



We continue with the snt-module M with decomposition M = M_ M + 
and V a finite dimensional vector space with a non-degenerate, bilinear 
symmetric form ( , ) as in Section 3. For each <p E S(Xa) = S((M- <8> 
V) A ), the theta functional 0{4>) is defined by $£T$. Recall G 9 (A[[t]]) acts 
on S(Xa), the action formula is given as follows. An element g € G 9 (A[[i]]) 
has the block decomposition 

' a g P g ~ 

. 19 6 9 . 

with respect the decomposition 

(M ® V) A = (M_ ® V) A (M+ ® V) A . 

Since G 9 (A[[t]]) preserves (M-t <S)V)a, so we have (3 g = and 7 g = . Then 
the action of g on <S((M_ ® V)a) is given by 

(5 • 4>){x) = 4>{xa g ) = <t>(xg) (6.1) 

If g e Gi(F[[t]]), it is clear that 

e( g -<t>) = e(<t>). 

So 6(g ■ 4>) is a continuous function on G 9 (F[[t]])\G ,? (A[[t]]). Let be the 
Haar measure on G q {A[[t}}) such that the volume of G q {F[[t]])\G q {A[[t}]) is 
1. 

Lemma 6.1 // (V, ( , )) is anisotropic over F or dimV — r > ^dim M + 1, 

where r is the dimension of a maximal isotropic subspace of V , then the 
integral 

lt{<l>)= I 0{g-^)dg (6.2) 

JG«(F[[i\\)\&{A[[t\\) 

converges 

Proof. If (V,(, )) is anisotropic over F, then G q (F[[t]])\G q (A[[t]]) is com- 
pact, so (|6.2j) converges. Let U be the unipotent radical of G q , then G" 7 = 
G k U. Let D be a compact fundamental domain of U(F)\U(A). Then 

flE2D = / / V cf>{rag)dadg = [ 6(g ■ 4>)dg, 

Jg(F)\G"(A) Ja&D reM _ m JG(F)\G«(A) 

(6.3) 
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where 4>(x) = j D <p{xa)da. Since D is compact, <p S <S((M_ V) A ). By 
the convergence criterion in Proposition 8 [TJ, the right hand side of (|6.3p 
converges under the condition dimF — r > ^dimM + 1. □ 
We can write the integral (|6.2j) as a sum of orbital integrals. Let be a 
set of representatives of G(F[[t]])-orbit in M_ (8 V. For each f e 0, let 
denote its isotropy subgroup in Then the integral (|6.2p can be 

written as 

/ EE <Kfr9)dg, (6.4) 

^(F[M])\^(A[ M]) 5GO r£GtXGe(F[[t]]) 

which can be further written as 

y>oZ(Gf\G €>A ) / <K&)ds (6-5) 

?eC > ^G £lA \G9(A[[t]]) 

and we have thereby expressed lt(0) as 

lt(0) = V uo?(Gf\G € , A ) / <M^)^- (6-6) 



7 Siegel-Weil formula 

We assume in this section M and V satisfies the conditions that diml/ > 
6n + 2, where n is the number of H^s in the decomposition of M as in 
(I3.4h and V satisfies the conditions in Lemma 16. 11 By Theorem 13. 3} the t- 
Eisenstein series <fr E <S((M_ <g> V) A ) i— > Et(</>) is a tempered distribution on 
(ML 0T^) A . And for each 6 Gr(M„,i), we have a tempered distribution 
i * Etw(0), given by (j3~7[2j) . We have 

Et = ^ Etjy. 

WgGr(M_,t) 

By Theorem [321 

EtvK = E 

iGSt 2 (iy) 

We denote fn by Etyj/j. Therefore we have 

Et= Y, E (7-1) 

WGGr(M_,t)j G St 2 (W/) 
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Moreover the measure Et^j = fa is the gauge measure as described in 
Theorem 14.71 which implies in particular fa is if U(i)a. in empty. 
On the other hand, 

4> G 5((M_ ® V) A ) It(^) 

given in (|6.2p is a tempered distribution and it has a decomposition given 
by (|6.6p . By Theorem 15.81 each orbit corresponds uniquely to a pair (W,i) 
where W G Gr(U-,t) and i G St 2 (M^). So we may write 

It = / J l\Y,i 

W,i 

where 

IwM = vol(G e \G 6 ,A) f ^g)dg. 

JG tA \Gi{A[[t]]) 

where (W,i) corresponds to the orbit containing £, i.e., Im/g = W and 
^V(0 = *■ If U(i) is empty, (W,i) doesn't corresponds to any orbit, in this 
case we define 

Iw,i = 0. 

We shall prove that Et = It, and actually we shall prove more: Etv^.i = Itw,i 
for any pair (W,i) . We use the induction on dimM. The case dimM = 2 
is the classical result in [7]. 

Our proof is entirely parallel to that of [7]. To start with, we introduce 
some notations. Let ir : Sp 2 jv(A) — ► Sp2jy(A) denote the double cover 
(recall 2N = dimMdimF). Let Sp(M,t) A denote ■K~ 1 (Sp(M, £)a)- We let 

M(k) = ® ki =kH ki , 

so 

m = M(h) e • • • e M(i s ), h>--->i 8 . 

Recall Corollary 2.6, Sp(M,t) = N tx H, where N is the unipotent radical, 
and 

H = UUS P2ri (F), 

where rj is the number H^s in the decomposition of M;. . Since M has 
decomposition (|3.4p . M_ has decomposition 

M_ = F[t]/(t kl ) • • • F[t)/{t k "). (7.2) 

Let T be a maximal torus of H, we may take T such that T preserves M± 
and preserves each component in (j7.2j) . Then T = G™ , where the i-th G m 
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acts on the i-th component in (|7.2p . We have T A = Ip, where If denotes 
the idele group of F. Let T A be the subset of Ta formed by 

T' A = {(h, ■ ■ ■ ,t n ) | |*1 1 A. > • • • > |*ti|a >!)•••) |*n-r s +ll|A > ' ' ' > |*ti|a > 1}- 

Since AT is unipotent, the space N(F)\N(A) is compact. By the reduction 
theory for the semi-simple group H, there exists a compact C C Sp(M, t) A 
such that 

Sp(M, t) A = Sp(M, t) F T' A C. (7.3) 

Since T preserves M+, we may regard Ta as a subgroup of Sp(M,i)A, the 
decomposition (|7.3p implies that 

Sp(M, t) A = Sp(M, t) F T' A C. (7.4) 

for some compact subset C C Sp(M,t) A - 

As in [7J, for each r € K>o, we let a T E Jp denote the idele such that 
(a T ) v = t for each infinite place v and (a T ) v = 1 for each finite place. We 
let 0(T) denote the set of all (a T1 , . . . , a Tn ), and set O(T)' = ©(T) n T A . 

Lemma 7.1 If E is a positive tempered measure on X A = (M_ ®V) A , and 
is a sum of positive measures In supported on U(i) A {i € 5|(M_) ), and is 
Tp-invariant, and there is a place v of F and a subgroup G' v of G q (F v [[t]\) 
that acts transitively on U (i) v such that E is invariant under G' v . Then the 
function S i— > E(S(J)) is bounded on T' A , uniformly for <fi in a compact subset 
in S(X A ). 

This lemma is a generalization of Lemma 23 in [7]. Our proof below 
closely follows that of [7J. 
Proof. Let ei, . . . , e n be a quasi-basis of M_: 

M_ = F[t]/{&) ei • • • T[t]/(t fc ")e n . 

Then ei®ej + ej ®ei is a quasi-basis of St 2 (M_). For each a € {0,1, ... ,n}, 
let be the set that consists of elements 

y] fey(ej <8> ej + ej <8> e^) 

such that 

e Q+ i (g) ej + ej (g) e a+ i) / 
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for at least one j > a + 1. We set 

S t 2 (M_)(") = {0} 

by convention. It is clear that Sf(M-) is a disjoint union of S t 2 (M_)H Let 
be the sum of fii for i G S^M-) ■ It is clear that 

E = E + E x + • • • + E n 

and J5 Q satisfies all the conditions in the lemma, it is enough to prove the 
result for each E a . 

Now we fix < a < n. Let q be the constant which is 1 if v is infinite 
and is equal to the cardinality of the residue field if v is a finite place. As 
in [7J, there is a compact subset C C Ip (where If is the idele group of F), 
such that every t G Ip with 1 < \t\ < S (where S is a fixed constant ) can 
be written as rc with r G F, c G C. We denote C n the subset of Ta formed 
by elements (c%, . . . , c n ) with all Cj 6 C, and let 

©a = {(°ri , ■ ■ ■ , a r J | ri = • • • = r a+ i > • • • > T n > 1}. 

We will apply Lemma 6 of [7J to the space Xp. We consider Xp as 
a product space n^T^X^/, where Xp is the FffijJ-submodule generated 

by ei ® V, . . . , e a +i <8 V, and for n — a > z > 2, Xp is F[[i]]ei+ a , Yf C 
M_ ® M_ is the submodule over F[[t]] spanned by e» ® ej with j < a + 1 
. And p : Xp — > If is given by 

j=l n a+1 

i=l i=l j=l 

Apply Lemma 6 of [7j, there is <f>o G S(Xa) such that 

|((0c)-0)(x)| <0 o (x) (7.5) 

for all x € X A with T(x) G 5 4 (M_)( a ), all G 0' a , c G C n , and G Co- 
It can be proved ([7J page 71) that each element t = (t±, . . . ,t n ) G T' A 
can be written as 

t = ryOc 

where r G Tp, y = (y 1: . .. ,y n ) G T v with all \yi\ v > 1 and y a+1 = ■■■ = 
y n = 1, 9 G 0'q, and c G C n . Since S Q is invariant under Tp, we have 

\E a (t •</>){ <E a {y<j)o). 
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We may assume that </>o 
Lemma 22 [7J, we have 



<j) v <f>' where 4> v £ S(X V ), <// G S(II' /^). By 



E, 



a 



iGSt 2 (M_)(«) 




From this, we obtain that 



£ a (y0 o ) = ntibi 



fclH hfci-l+(n— m/2— i+2)ki A 



since fej < Ay for j < j, and m > 6n + 2, we see that the exponent of \yi\ v is 
< 0, and since \yi\ v > 1, so have 



The following theorem is a generalization of Theorem 4 in [7] . 

Theorem 7.2 Suppose dimT^ > 6n + 2. If there is a place v of F such that 
U(0) v is not empty, and a subgroup G' v of G q (F v [[t]]) acts transitively on 
U(i) v for every i E S^(M—). And if E' is a positive tempered measure on 
Xa invariant under Sp(M, t) and G' v and E' — Et is supported on the union 
of U(i) A for i e S?(M_) . Then E' = Et. 

Sketch of Proof . Using Lemma 17. II and l7T4~l it is easy to see that the function 
Sp(M,t) A -► C given by S i-> (E 1 - Et)(5<^) is bounded on Sp{M,t) A 
uniformly for <f> in every compact subset of S(X A ). The remainder of the 
proof is similar to that of Theorem 4 in [7J . □ 

Now we can prove the main theorem of this work: 

Theorem 7.3 Suppose dimV > 6n + 2 and V is anisotropic or dimV — r > 
^dimM + 1, where r is the dimension of a maximal isotropic subspace of 



The condition on V in the Theorem is for the convergence of It (see I6.ip . 
The proof uses the induction on dimM. The induction assumption implies 
that E' = It satisfies the conditions of Theorem 17.21 therefore Et = It. 



E a (y ■ <p ) < E a (fo). 



This proves the lemma. 



□ 



V , then 



Et = It. 
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8 Corollaries of Siegel-Weil formula 



In this section we prove a slightly more general form of the Siegel-Weil 
formula (Theorem l8,ip for snt-modules that will be used in part II. Let M, V 
be as in Section 3. Let 

M = M_ © M + (8.1) 

be a direct sum such that M + G Gr(M,t), M_ G Gr(M) but not necessarily 
in Gr(M,t). Let X = M_ (g> V. The space L 2 (Xa) is a representation of 
the metaplectic group Sp 2 ]y(A.) (2N = dimMdimF) with the usual theta 
functional 

9 : S(X A ) - C, ^ 0(0) = 4>{r). 
Recall the Eisenstein series (II. 3|) . (I1.7D for G 5(Xa) is given by 

E(4>)= E (^ U ) = Yl I i>{\{x,px))<j>{x)dx. 

The t-Eisenstein series defined in (jl.lip is a subseries given by 

Et(0)= ^ #(&17). (8.2) 

UeGr(X,t) 

Though M_ is not an F[[i]]-submodule of M, it has F[[i]]-module structure 
via the isomorphism M_ = M/M+. In the case that M_ is an F[[i]]- 
submodule, the two F[[i]]-module structures on U- clearly coincide. The 
projection map 

7r_ : M — > M/M+ = M_ 

is an F[[t]] -module homomorphism. For each U G Gr(M,t), tt-(U) is an 
F[[i]]-submodule of M_. Denote GV(M_,t) the set of F[[t]]-submodules of 
M_ , so we have a map 

P:Gr(M,t)->Gr(M-,t): Ut-^ir-(U). (8.3) 

For W G Gr(M-,t), we set 

Eto(#= £ F(0,[/). 

l/eGr(Af,t):7r_(I/)=W 
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We recall the action formula of G 9 (A[[i]]) on <S((M_ ®V)a). An element 
g £ G g (A[[t]]) has the block decomposition 

a g f3 g 

.79 Sg 

with respect the decomposition 

X A = (M_ ® V) A © (M + ® V) A - 

Since G 9 (A[[t]]) preserves (M + eg V)a, so we have 7 9 = 0. Since M_ is not 
an .F[[i]]-submodule in general, f3 g may not be 0. Then the action of g on 
S((X <g> V)a) is given by 

(g ■ 4>){x) = i)(^{xa g ,xf3g))4>(xa g ) (8.4) 

If g € G g (F[[t]]) and ^£V, then 

^{£a gi Z0 g )€F, 

and so ^>(|(£a fl ,£/3 fl )) = 1 and 

(ff-0)(O = ^ a )- 

Therefore, we have 

9{g-<f>) = for 5 e G*(F[[t]]). (8.5) 

The function #(g • 0) (as a function on G 9 (A[[i]]) is actually a function on 
G 9 (F[[t]])\G 9 (A[[t]]). Assume (V,(, )) satisfies the conditions in Lemma 
16.11 then we can form the convergent integral 

lt(0) = / % • 4)dg, (8.6) 

./G«(F[[t]])\G»(A[[t]]) 

the convergence can be proved in the same way as Lemma 16. 11 

We wish to write the integral (|8.6[) as a sum of orbital integrals. We 
introduce the set 

U = S 1 x (Af_ ® V)a> 
on which G 9 (A[[i]]) acts as 

(s, a;) ■ g = (sil)(^{xa g ,xf3 g )),xa g ). (8.7) 
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One can then check directly that (|8,7p does define a group action; i.e., that 

{(s,x)gi)g 2 = (s,x)g 1 g 2 , gi,g 2 G G q (A[[t}}). 
On the other hand, if 

^5(([/_®F) A ), 

we can extend to O by 

ip(s, x) = 9(p(x), x £ (U- <g> V)a, sGS 1 . 
And note that we can rewrite the integral (|8.6p as 



L 



E m,0-g)\dg. (8.8) 

G9(F[[t]])\G«(A[[t]]) y $e ^y ' 
We note that the subset 

(i, u_®v) cn 

is invariant under We let O C (1, U- <8> V) be a family of orbit 

representatives for the action of G 9 (.F[[i]]). Of course O can be identified 
with a subset of U- ®f V ((1)0 l— * C; £ G U- ® V), and as such, it is a 
family of orbit representatives for the action 

of G"(F[[i]]) on U- ® V. We may rewrite (ESD as 

/ EE rt(U)rff)<fc. (8.9) 

Using the fact that G^a is unimodular, we can prove (|8.9p is equal to 

lt(0) = y)uoZ(G € \G c>A ) / ^((1,052)^2, (8.10) 

^G e , A \G?(A[[t]]) 

by a similar argument as in [7j (page 16). We have thereby expressed the 
It(4>) as a sum of orbital integrals. For each orbit O, we have a corresponding 
VP G Gr(M_,i) (see Theorem ESI). Let ItwO/O be the subseries of (pTL0|) 
that is over all £ corresponding to W. Then we have 

lt(0) = £ It w (<f>). 

W&Gr(M-,t) 
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Theorem 8.1 Suppose dimy > 6n + 2 and (V, ( , )) satisfies the condition 
in Lemma \ 6.1\ Let M = M_ M + be a decomposition such that M_ G 
Gr(M) and M + <E Gr(M,t). Put X = M_ ® V. We can define tempered 
distributions Et and It on Xa as in \8.2i) and \8. 6\) . Then 

Et = It. (8.11) 

And for each W £ Gr(M_,t), we have 

Et w = It w . (8.12) 

Notice that we didn't assume M_ € Gr(M,t), but this theorem can be 
reduced to Theorem 17.31 Let 

M = M_ © M + 

be a decomposition of i-Lagrangian subspaces. Both L 2 ((M_ (g) V)a) and 
L 2 ((M_ ®y)A) are models of the Weil representation of 5p 2 7v(A). We shall 
define an intertwining operator 

T : L 2 ((M„ <g> V) A ) -» L 2 ((M_ F) A ) 

such that T sends <S((M_ ® F) A ) to <S((M_ ® F) A ), and 

Et(0) = Et(T0), lt(0) = It(T0). 

By Theorem 17.31 Et(T</>) = It(T</>), so we have , Et(c/>) = It((/>). The more 
detailed proof follows. 

Proof. Recall for the symplectic space M®V, we have the associated Heisen- 
berg group 

H = {M® V) A x S 1 

with the product given by 

(ai, si)(a 2 , s 2 ) = (ai + a 2 , siS2^(^(ai, a 2 )). 

Since M + is a Lagrangian subspace, A = (M+ (g) V^)a x S 1 is a maximal 
abelian subgroup of H. And 

X : (M+®V) A x -S 1 -> 5 1 , (o,j)h ( 
is a 1-dimensional representation. The induced representation 

Lnd^x 
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consists of functions / on H such that f(ax) = x{ a )f( x ) f° r all a € A and 
the restriction / on (M_ ®V) A is in L 2 ((M_ <gT/) A ). Let M = M_ ©M+ be 
a direct sum of t-Lagrangian subspaces. Similarly, for the maximal abelian 
subgroup (M_ (8> V)a x S 1 , and the character 

X : (M- <g V)a x 5 1 -> 5 1 , (a,s)^s 

we have the induced representation 

Indfx- 

The representation space Ind^x ( Ind^Xi resp.) can be identified with 
L 2 ((M_ (g) V)a) ( £ 2 ((M- <g V)a), resp.) by the restricting a function on 
H to (M_ (g V)a ((-ML ® V)a, reps.). The space of smooth vectors are 
5(M_ <g V)a) and <S((M_ <g F)a), respectively. Let h G 5p(M) be an 
element such that 

M_/i = M_, M + h = M + . 

We define 

T : 5(M_ (g y) A ) -> 5((M_ F) A ) 

by 

(T/)(x) = (/ l ./)(x/ l - 1 ). 

It is easy to check that T is an isomorphism of ^-representations. There 
are two actions of Sp 2 7v(A) on <S((M_ <g V)a) (or on L 2 (M_ <g V)a)): the 
Weil representation action which we denote by ir(g), and Tr'(g) = Tn(g)T~ 1 
(where -ir(g) denote the Weil representation action on 5(M_ (g F)a)- They 
both satisfy that, for every a £ H : 

-K(g~ l )-K(a)iT{g) = vr(a ■ g) 
^'{9' l )^{a)^'{g) = vr(a • g) 

So 7r'(<7) = CgTr(g) for some scalar c 9 . It is clear that c gi92 = c gi c 92 . Since 
Sp2N(F) is a perfect group, we have c g = 1 for all g G Sp2N(F). This implies 
that c 9 = 1 for all g G 5p 2 Ar(A). It then follows that T is an isomorphism of 
the Weil representations. We define as usual the theta function functional 

9 : 5((M_ ® V) A ) -> C, fl:5((M-®l/) A )^C. 

We have 

0(77) = £ (T/)(r) = ^ (/^/Xr/^ 1 ) = £ (*./)(r) = 0(h-f) = 9(f). 
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And 

It(T/) = 

lG"{F[[t]]\G^M[t]] 



It(T/) = / e(g-Tf)dg 

JGi<FUt]]\G"(AUt]] 

9{T{g ■ f))dg 



G«(F[[t]]\G«(A[[t]] 

0{(9-f))dg 



lG*(F[[t]]\Gi(A[\ 
= It(/)- 

Let P C Sp(M) be the parabolic subgroup that consists of all g G Sp(M) 
such that M + <7 = M + , similarly, let P C Sp(M) be the parabolic subgroup 
that consists of all g <G Sp(M) such that M+g = M + . And let S denote the 
set of all g € P\Sp(M) such that M + g is a t-Lagrangian subspace. Similarly 
let S denote the set of all g £ P\Sp{M) such that M+g is a t-Lagrangian 
subspace. Since M + h = M + , the map Lh : 5 — > S 1 , g i— > % is a bijection. 

Et(T/) = J>-T/)(0) 
= £(Ts/)(0) 
= ^(^/)(0) 

= Et(/). 

This proves Et(0) = It (</>). To prove EtvK(^) = Itw(^) f° r every W G 
Gr(M_,t), we first note for every G Gr(M_,i), W + M + is an P[[i]]- 
submodule of M. Let 

VF 1 " = {u£ M + I = 0}. 

It is easy to see that W 1 - is the radical of the restriction of ( , ) on W + M + . 
Therefore 

M w d = {W + M + )/W ± 

is an snt-module. And 

M w = w e M + /W ± 
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is a decomposition into Lagrangian subspaces, and M + /W E Gr(M\y,t). 
We consider S((W®V)a), and apply ([gTTT]) to the pair (5p(J%,t),G), we 
have 

W'eGr(Af_,t):W'cW W"eGr(M-,t):W'cW 

The above equality holds for all W E Gr(M_,t), which implies Etw(<^>) = 
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